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ESSENTIAL NORM AND A NEW CHARACTERIZATION OF 
WEIGHTED COMPOSITION OPERATORS FROM WEIGHTED 
BERGMAN SPACES AND HARDY SPACES INTO THE BLOCH 

SPACE 

SONGXIAO LI, RUISHEN QIAN AND JIZHEN ZHOU 


Abstract. In this paper, we give some estimates for the essential norm 
and a new characterization for the boundedness and compactness of 
weighted composition operators from weighted Bergman spaces and Hardy 
spaces to the Bloch space. 


1. Introduction 

Let D be the open unit disk in the complex plane C and H(D) be the 
space of analytic functions on D. For 0 < p < oo and a > -1, the weighted 
Bergman space, denoted by A^, is the set of all functions / e //(D) satisfy¬ 
ing 

\\f\L = ia+l) r |/(z)r(l - |zp)“JA(z) < ext, 

“ Jd 

where dA is the normalized Lebesgue area measure in D such that A(D) = 1. 
The Hardy space is the space consisting of all / e //(D) such that 

||/||^„ = sup r \f{re'^)\Pde < oo. 
o<r<i Z;r Jo 

The Bloch space, denoted by S = S(D), is the space of all / e //(D) 
such that 

ll/ll^ = supd - \zh\f(z)\ < oo. 

Z€D 

Under the norm ||/||s = |/(0)| -i- ||/||^, the Bloch space is a Banach space. 
See [|26l for more information of the Bloch space. 

Let V : D —> /?+ be a continuous, strictly positive and bounded function. 
An / 6 //(D) is said to belong to the weighted space, denoted by //“, if 

ll/llv = supv(z)|/(z)| < oo. 

Z6D 
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K is a Banach space with the norm || • ||v. The weighted v is ealled radial, if 
v(z) = v(|z|) for all z e D. For a weight v, the assoeiated weightTis defined 
as follows. 

T= (sup{|/(z)| : / G h:;, ll/ll, < l})-',z e D. 

When V = Vq,(z) = (1 - |zp)"(0 < a < oo), it is easy to eheek that Vq,(z) = 
v„(z). In this ease, we denote by //“ and = sup^g^ |/(z)|(l - |zp)“. 

Let S (D) denote the set of all analytie self-maps of D. Let u 6 //(D) and 
(p e S (D). For / e //(D), the eomposition operator and the multipliea- 
tion operator A/„ are defined by 

= f(cp(z)) and (M„/)(z) = u(z)f(zX 

respeetively. The weighted eomposition operator uC^ is defined by 

{uCJ){z) = u{z)-f{<p{z)), /6//(D). 

It is elear that the weighted eomposition operator is the generalization 
of and A/„. A basie and interesting problem eoneeming eonerete opera¬ 
tors (sueh as eomposition operator, multiplieation operator, Volterra opera¬ 
tor, Toeplitz operator, Hankel operator and other integral type operators) is 
to relate operator theoretie properties to their funetion theoretie properties 
of their symbols, whieh attraeted a lot of attention reeently, the reader ean 
refer to [El and . 

It is well known that is bounded on S by the Sehwarz-Piek lemma for 
any (p e S (D). The eompaetness of on S was studied in for example 
[[I21II3I211- In lETI . Wulan, Zheng and Zhu proved that, for any (p e S (D), 
Cy : S ^ S is eompaet if and only if lim^^oo ll^^lls = 0. This result has been 
generalized to Bloeh-type spaees by Zhao in ll25l and shows that : S" — > 
is eompaet if and only if limy^oo r~^\\tp^\&3 = 0. For some results on 
eomposition operator amd related operators mapping into the Bloeh spaee 
see, for example, [III [31 |7l 1 IS [lOl ini I2l ill El [III ini [m EH |23l E41I251 
[27l and the related referenees therein. 

In 0, the first author of this paper and Stevie obtained a eharaeteriza- 
tion of the boundedness and eompaetness of weighted eomposition operator 
uCtp : Aa ^ S. Among others, we proved the following result. 

Theorem A. Let I < p < oo, a > —I, u e //(D) and ip g S(D) such that 
uCy, : A a ^ S is bounded. Then uC^ : A^ ^ S is compact if and only if 

(1 - |zP)|m'(z)I n / r (1 - kP)|M(z)^'(z)| 

W™ 1 (1 - |<^(z)P)(2+«)/p “ ^ (1 - |,^(z)|2)(2+«+P)/P “ 

In [O, Colonna obtained a new eharaeterization by using two families 
funetions, among others, she obtained the following result. 
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Theorem B. Let 1 < p < oo, a > -I, u & //(D) and cp g 5(D) such that 
uC^ : ^ S is bounded. Then uC^ : —> !B is compact if and only if 

lim LCy/J| = 0 and lim = 0, 

| a |—>1 | a |—>1 


where 


fa(z) = 


(1 — \a^yAt.+a)('i-^ ! P) 

(1 - 


,ga{z) 


(1 — |ap)l+(2+a)(l-l/p)+l/p 

(1 -az)3+“+i/p 


In dll, Colonna also obtained two characterizations for the compactness 
of weighted composition operator uC^ : ^ S. 


Theorem C. Let \ < p < oo, u € //(D) and (p e S (D) such that uC^ : 
HP S is bounded. Then the following statements are equivalent: 

(a) uC^ : HP ^ IB is compact. 

(b) 


lim = 0 and lim = 0, 


where 

(1 - |a|2)2-i/p (l-|a|2)2 

Pa{z) = 2 > da{z) = - - ...j, ■ 

{l-azY (l-az)2+i/p 

(c) 

(1 - |zP)|m'(z)| a j 1 - {\ - \z?)\u{z)ip\z)\ 

WOHi (1 - \ip{z)\^yiP ~ WOHi (1 - \ip{z)?r^P^lP ~ 


The purpose of this paper is to give some estimates for the essential norm 
of the operator uC^ : A^ well as uC^ : Hp S), in particular, by 

using WuC^fah and ||MC^galls(as well as WuC^Pah and WuC^gJls)- More¬ 
over, we give a new characterization for the boundedness, compactness and 
essential norm of the operator uC^ : A^ S(as well as uC^ : HP ^ S) by 
using (pj. 

Recall that the essential norm of a bounded linear operator T : X ^ 7 is 
its distance to the set of compact operators K mapping X into 7, that is, 

||r||,,x_ 5 . = inf{||r - KWx^y : K is compact}, 

where X, 7 are Banach spaces and || • \\x-^y is the operator norm. 

Throughout this paper, we say that A < B if there exists a constant C such 
that A < CB. The symbol A » B means that A < B < A. 
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2. Essential norm of uC^ 


In this section, we give two estimates for the essential norm of the oper¬ 
ator uC^ : Aa —> S and the operator uC^ : ^ S, respectively. 


Theorem 2.1. Let 1 < p < oo, a > —I, u e //(D) and <p e 5(D) such that 
uC^ : Aa ^ S is bounded. Then 

IlMCpIl^ « max |a, fi) « max (e, q]. 


where 

A := limsup||MCy(/j||g, B := limsup ||mC^ (gj||^, 

IflHl |aHl 


P := lim sup 

lv(z)Hi 


(1 - \z?)\u’{z)\ 

(1 -|<^(z)|2)(2+«)/P’ 


Q := lim sup 

WzIHi 


(1 - \z?-)\u{z)(p'{z)\ 

(1 - |^(z)p)(2+«+P)/p‘ 


Proof. First we prove that 

max{A,5j < ||mC^1L,aS-.s- 

Let a e D. Define 

(1 - |a|2)lE2+Q')(l-l/p) — |^|2y+(2+Q')(l-l/p)+l/p 

= (1 -az)3+" ’ " (1 -az)3+“+i/p ’ ^ ^ 

It is easy to check that fa,ga e and ll/alUj ^ 1 JlgalUj ^ 1 fm all a g D 
and fa, ga converges to zero uniformly on compact subsets of D as |a| —> 1. 
Thus, for any compact operator /f : —> S, by Lemma 3.7 of [|2^ we 

have 

lim WKfaWs = 0, lim \\Kga\\s = 0. 

|aHl |a|->l 

Hence 

\\uC^ - /:|Us_S > \\{uC^ - K)fa\\s > WuCJaWs “ WfaWs, 
and 


llwCy - ^ IKwCy - K)ga\\s > WuC^gaWs “ WgaWs- 

Taking limsup|^|^j to the last two inequalities on both sides, we obtain 
\\uC^ — > A, \\uC^p — ^ B. 

Therefore, by the definition of the essential norm, we get 
||MCy||,,A2-.s = inf llwCy - ^ max|A,5). 

K ^ ' 


Next, set 


K{z) = fa-ga, ka(z) = fa - 


3 + a 

3 + a + llp^^ 
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It is also easy to check that ha,ka g and ||/ia||^p < 1, UkalUj ^ 1 for all 
a s D and ha, ka converges to zero uniformly on compact subsets of D as 
\a\ —> 1. Hence, for any bj e D such that \(p(bj)\ —> 1 and any compact 
operator K : ^ S, we have 

and 


||mC^ > ||(mC^ K^k^(^h > l|MC(pky(fcp||s ll^k|^(foplls- 

Taking lim sup|^(^^)l^i to the last two inequalities on both sides we get 

(1 - \b/)\u'(bj)\ 

\\uC^ - K\\^n s ^ hmsup \\uC^h^(bj)\\s > hmsup -— . ,,.av 2 +a)/n = 
and 

(1 - \b,\^)\u(bi)(p'(bi)\ 

ll»C, - XIUj.* > lim sup i Ihn sup = fi. 


By the definition of the essential norm, we obtain 

= inf \\uC^ - ^ max |P, q]. 

Finally, we prove that 

^ niax{A,B|, and ||mC^IL,a2-^s ^ maxjp, gj. 
For r e [0,1), set : //(D) ^ //(D) by 


(Krf)(z) = friz) = firz), f G //(D). 

It is clear that Kr is compact on A^ and WKyW^p^^A’’^ ^ 1- Let {Pj\ c (0,1) be 
a sequence such that —> 1 as y —> oo. Then for all positive integer j, the 
operator uC^Kr- : ^ S is compact. By the definition of the essential 

norm we have 


(2.1) I|mC^IL,aS-^s ^ lim sup \\uC^ - mC^/T^JIap-,®. 

j->co 

Thus, we only need to show that 

(2.2) lim sup \\uC^ - uC^Krj\\AP_^s ^ niax |a, b|, 

7->oo 

and 

(2.3) lim sup \\uC^ - ^ niax {f, gj. 

y-»oo 


For any f e A^ such that ||/||ap < 1, we consider 

WiuC^ - uC^Krj)f\\s = |m(0)/(^(0)) - ui0)f(rj(pi0))\ + \\u ■ (/ - o (p\\p. 
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It is clear that limy^oo |m(0)/(^(0)) - u(0)f(rj(p(0))\ = 0. Now we estimate 
lim sup ||m ■ (/-o ^ 11 ^ 

y-»oo 

= lim sup sup (1 - |zp)|(/-/,^.y(^(z))||^'(z)||M(z)| 

j^oo \(p{z)\<rN 

+ lim sup sup (1 - |zp)|(/ - fr)'{(p{z))W{z)\\u{z)\ 

y-»oo \(p{z)\>rN 

+ lim sup sup (1 - \z?)\if - fr)iipiz))\\u iz)\ 

j-^oo |</;(z)|<rjv 

+ lim sup sup (1 - \z?)\if - fr)iip{z))\\u iz)\ 

y-»oo \ip(z)\>rN 

(2.4) = Qi + Q 2 + + Q 4 , 

where g N is large enough such that r ,■ > 5 for all j > N, 

2 i:=limsup sup (I - \zh\(f - fr^Y((p(z))\\(p'(z)\\u(z)\, 

;->oo |(/>(z)|<rjv 

Q 2 := lim sup sup (1 - \zh\(f - ((p(z))\\(p'(z)\\u(z)\, 

y-»oo |p(z)|>rjv 


03 := lim sup sup (1 - |zp)|(/ - frY((p(z))\\u'(z)\, 

j->ca \ip{z)\<rN 


and 


Q 4 := lim sup sup (1 - \zh\(f - frY((p(z))\\u'(z)\. 

3 ->oo \(p(z)\>rN 

Since uC^ : —> S is bounded, applying the operator uC^ to 1 and z, we 

easily get that m e S and 

K := sup(l - \z\^)\(p'{z)\\u{z)\ < 00 . 

zeD 

Since ^ /' uniformly on compact subsets of D as 7 —> 00 , we have 
(2.5) Q\ < .ST lim sup sup \ f{w) - rjf{rjw)\ = 0. 

\w\<rN 

Also, from the fact that u e S and fr^ —> / uniformly on compact subsets 
of D as j ^ 00 , we have 


(2.6) 


23 < IlMlIslimsup sup |/(w) - f(rjW)\ = 0 . 

;->oo |w|<rjv 


Next we consider Q2. We have Q2 < lim sup^-^o„(S 1 + S2), where 
S 1 := sup (1 - \z\^)\f{(p{z))\\(p'{z)\\u{z)\ 

lv(z)l>''JV 


and 


S2 := sup (1 - \z\)rj\f{rj(fiz))\Wi.z)\\u{z)\. 

\‘f(j)\>rN 
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First we estimate S i. Using the fact that ||/IUp < 1 , we have 


5 1 = sup (1 - \zh\f((p(z))\\(p'(z)\\u(z)\ 

lv(z)l>fjv 


^ —ll/lk sup (1 - |zP)|(^'(z)||m(z)|- — I 

rN \v{z)\>rM (1 - |<^(z)P)(2+«+P)/P 


1 


< - sup sup(l - |zP)|^'(z)||m(z)| X 


l^(z)l 


P |(^(z)|>rjv |a|>rjv 

< sup ^uC^ifa - g. 


(1 - |^(z)| 2 )( 2 +«+P)/P 


an\. 


S 


|a|>rjv 

< sup IlMQ/allg + sup IlMQgallg . 

|a|>rjv |a|>rjv 

Taking limit as ^ oo we obtain 

o (1 - lzp)lv'fe)ll»fe)l „ 

hms^upS, S 


< 


lim sup ||MC^p/«||g + limsup ||MC^g«||^ . 

\a\--^\ |<3|— 


Similarly, we have 


{\-\z?W{z)Mz)\ ^ 

lim sup So ^ hm sup-—-- = Q 

|,h/(1-|<^(z)|2)(2+«+P)/P 


< 


lim sup ||MC^p/a||g + limsup ||MC^ga||^ . 




laHl 


Le., we get that 

( 2 . 7 ) Q2^Q^A + B< max |a, 5 |. 

Next we consider Q4. We have Q4 < lim supy_,^( 5 3 + 54), where 
83:= sup (I-\zh\f((p(z))\\u'(z)\,S4 := sup (I - \z\^)\f(rj(p(z))\\u'(z)\. 

l¥’(z)l>'‘jv \‘P(z)\>rN 

Similarly, we have 


53 < sup sup(l -|zh|M'(z)| — 

\v(z)\>rM\a\>r, (1 " |<^(z)P)(2+«)/P 


1 


^ sup 

\a\>rN 


I 1 / ^^<pSc, 


< 


sup IImc^/^II^ 


3 + O' + 1 /p 
3 + a 

+ 


s 


|a|>rjv 




Is 


< sup IlMQ/allg + sup IlMQgallg . 


\a\>rN 


|a|>rjv 
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Taking limit as N 


oo we obtain 

(1-Iz|>'(z)l 

lim sup S 3 < lim sup-r— 


< 


lim sup ||MC^/«||g + lim sup =A + B. 


Similarly, we have limsup^^^ S 4 < P < A + B, i.e.,we get that 

(2.8) Q 4 < P <A + B. 

Hence, by (2.4), (2.5), (2.6), (2.7) and (2.8) we get 

lim sup\\uC^ - uC^Krj\\AP_,s = hmsup sup \\(uC^ - uC^Krj)f\\s 
j-^°° “ j^°° ll/IL/><i 

= lim sup sup \\u ■ (f - frj) o 
II/ILp<i 

Aq, 

(2.9) < P + Q<A + B. 

Therefore, by (2.1) and (2.9), we obtain 

^P + Q^ max jp, q] 
and 

||MC^|le,AP^s <A + B< max {a, 5|. 

This completes the proof of the theorem. □ 


The Hardy space can be viewed as limiting space of A^ as a decreases 
to -1. Hence, from Theorem 2.1, we get the following result. 

Theorem 2.2. Let I < p < 00 , u & //(D) and (p e S (D) such that uC^p : 
—> S is bounded. Then 

\\uCp\\e^HP-.'£ ~ max (lim sup ||MC^,(jc»a)|L, lim sup ||MCp(<?fl)|L) 


« max 


j lim sup 

lAOHi 


(1 - mu'{z)\ 
(1 - \(p{z)\^yip' 


lim sup 

lAUHi 


(1 - \z\^)\u{z)(p'{z)\ \ 
(1 - |<^(z)| 2 )(l+P)//’ y 


From Theorems 2.1 and 2.2, we immediately get the following two corol¬ 
laries. 


Corollary 2.1. Let I < p < 00 , a > -\ and (p e S (D) such that : A^ 
!B is bounded. Then 


lie. 


(pWe.A'a-^S 


lim sup ||C^ (/j||^ « lim sup ||C^ (gj||^ 

lal^l \a\-*l 


lim sup 


(1 - \z\^W(z)\ 

(1 - |^(z)|2)(2+«+P)/p' 
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Corollary 2.2. Let \ < p < oo and cp e S (D) such that ^ S is 

bounded. Then 


lie. 


if We,HP 


lim sup ||C^, (Pfl)|L » lim sup ||C^, (<?a)|L 
l«Hi l«Hi 


lim sup 

ly(z)Hi 


(1 - \z?-)W{z)\ 

(1 -i^e)|2)(i+p)/p‘ 


3. New characterization of uC^ 

In this section, motivated by flUl, we give a new characterization for the 
boundedness, compactness and essential norm for the weighted composi¬ 
tion operators uC^ : Aa ^ S and uC^ : > S. For this purpose, we state 

some lemmas which will be used. 


Lemma 3.1. [fTSll Let v and w be radial, non-increasing weights tending to 
zero at the boundary o/D. Then the following statements hold. 

(a) The weighted composition operator uC^ : Hf —> H‘f is bounded if 
and only if 

sup———|^(Z)| < OO. 

Z6D viifiz)) 

Moreover, the following holds 


\\uC, 


ifWH^ 




w{z) 

sup——- 

Z€D v{ip{z)) 




(b) Suppose uC^ : Hf Hf is bounded. Then 


\\uCJ\ 


ifWe.Hp 


,. w{z) 

= lim sup - 




Lemma 3.2. [|6l| Let v and w be radial, non-increasing weights tending to 
zero at the boundary o/D. Then the following statements hold. 

(a) uC,p : Hf is bounded if and only if 


sup 

*>0 


\\U(p% 

\\z% 


< oo. 


with the norm comparable to the above supermum. 
(b) Suppose uC,f, : Hf —> is bounded. Then 


\\uC,f\\e,Hp^H^ = lim sup 

k—^oo 


\\uip% 

\\z% 


Lemma 3.3.[l5l For a > 0, we have lim<:_»oo k"\\z^ ^||v„ = (^)". 
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Theorem 3.1. Let \ < p < oo, a > u & //(D) and cp e 5(D). Then the 
operator uCtp : ^ S is bounded if and only if 

(3.1) supP*"'>^P\\Iu((p^)\\s < oo and sup< oo, 
y>i ;>i 

where 

g'(f)u(f)df, Jugiz) = rg(f)u'(Odf, z€D,ge //(D). 

Jo 



Proof By Theorem A, mC^ : ^ S is bounded if and only if 

(1 - \z?)\u'(z)\ ^ (1 - \z?)\u(zW{z)\ 


which are equivalent to the weighted composition operator m'C^ : 

//“ is bounded and ucp'C^ : //“^„^^,/^ ^ //“ is bounded, respectively. By 
Lemma 3.2, we see that two inequalities in (3.2) are equivalent to 


sup 

i>i 


\\u'(p- 


J-i| 


IM 'I 


Ii^(2+Q')/p 


Wwp'cp^ 

< oo and sup ——- 

,>i lk^-i|lv 


''*^{l+a+p)lp 


< oo. 


respectively. Since luf(0) = 0, Juf(0) = 0, 

(lu((P^)(z)) = ju(z)(p'(z)(p^~\z),(ju((p^~^)(z)) = u'(z)(p^~\z). 


by Lemma 3.3, we see that ^ Sis bounded if and only if 

sup/^'"“^^'P||7„(^^"^)||s = sup/^'"“^^'’||mV^"^IIv, 

;>i i>i 


(3.3) 




< oo 


and 


sup P^"^^P\\Iu((p^)\\s 
y>i 


(3.4) 


SUp/^''“'"^^^'’||M^V^ ^llv, 
;>i 




< oo. 


The proof is complete. □ 

Theorem 3.2. Let l<p<oo, Qr>-1,MG //(D) and (p e 5(D) such that 
the operator uC^ : A^ —> S is bounded. Then 

~ max j limsup/^"■“^^'’||/„(^-')|ls, lim sup 
y—>00 
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Proof. By Theorem A and Lemma 3.1, uC^ : ^ S is bounded if and 

only if the weighted composition operator u'C^ : is bounded 

and u^'C, : ^ //“ is bounded. By Lemmas 3.2 and 3.3, we get 


IIm'C 

(3.5) 

and 




wWeH"^ = limsup „ . 


Vi 


= lim sup - 


j(2+a)/p\\u>^^j-l\ 


J- 


'’(2+a)/p J- 

< 2 +Q')/p||,/,J- 1 | 


y( 2 +Q')/p||^ 7 -i| 


IV(2+a)/p 


limsup/ 


llvi 


limsup/^'"“^^'’||7„(^^ ^)||s 

j->co 




lim sup 

;->oo 


^IIv, 

11^^ llv( 2 +a+p)/p 
i2+»+P)/P\\U(p'(pJ-h 


(3.6) 


lim sup f 

j^oo 

limsup/2"“^/P||/„(V^)||s. 

y^oo 


The upper estimate. From the fact (mC^/)'(z) = u'(z)f((p(z))+u(z)(p'(z)f'((p(z)), 
it is easy to see that 


o _ « 

X2+a+p)lp ''1 


(3.7) < ||m + \\u(p 

Then, by (3.5), (3.6) and (3.7) we get 
WuC^WeX-^s ^ lim sup + lim sup 

j-^co j-^co 

{2+a)/puT a.A|i „ ;(2+£i')/p|| j / J-1 


< max I lim sup/ “^/'’||4(^4||s,limsup/ “^^'’||7„(^ 

y^oo y^oo 

The lower estimate. From Theorem 2.1 and Lemma 3.1, we have 


y->oo 


and 


I|mCpIUa2-.s ^ 2 = « limsup/+“''^||4(<^4lls. 

“ y^oo 

Therefore, 

I|mQIL,a2-.s ^ max j lim sup /^■'“^^^||4(y’4lls, Um sup 

y-»oo y^oo 

This completes the proof. 


□ 


From Theorem 3.2, we immediately get the following result. 
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Theorem 3.3. Let \ < p < oo, a > -I, u & //(D) and (p e 5(D) such that 
uC^ : ^ S is bounded. Then the operator —> S is compact if 

and only if 

limsup/2^“>/^||4(<^^')lb = 0 and limsup/ 2 +a)/p||y^(^;-i)||^ ^ q 

j^oo j^oo 

We end this section with a new characterization of boundedness, com¬ 
pactness and essential norm of the operator uC^ : ^ B, which follows 

from Theorems 3.1, 3.2 and 3.3 by taking the limit as a decreases to -1. 

Theorem 3.4. Let \ < p < co, u £ //(D) and (p £ S (D). Then the following 
statements hold. 

(a) The operator uC^ : //^ —> S is bounded if and only if 

sup//^||/„(^^)||s < oo and sup/''^||7„(^^”‘)||s < oo. 
y>i ;>i 

(b) If the operator uC^ : ^ S is bounded. Then uC^ : ^ S is 

compact if and only if 

limsup/^^||/„(^^)||s = 0and limsup//^|| 7 „(^^“‘)|| 2 } = 0 . 

;->oo ;-»oo 

Moreover 

WuC^We^HP^s ~ maxjlimsup/^^||4((,o-^)||s,limsup/^P||7„((,o-^“^)||sj. 

;->oo y^oo 

From the above results, we immediately get the following new character¬ 
ization of the operator : Aa(or H^) —> S. 

Corollary 3.1. Let \ < p < oo, a > -\ and ip £ 5(D). Then the following 
statements hold. 

(a) The operator : Aa ^ B is bounded if and only if sup < 

oo. 

(b) If the operator : A^ ^ B is bounded. Then : Aa ^ B is 

compact if and only i/'limsupy^^ = 0- Moreover, 

I|C^IL,a£-.s ~ limsup/“+^^/^||(,c-''||s. 

j->co 

Corollary 3.2. Let I < p < oo and (p £ S (D). Then the following statements 
hold. 

(a) The operator —> Bisboundedif and only if sup < 

oo. 

(b) If the operator ^ B is bounded, then ^ B is 

compact if and only i/limsupy^^ = 0- Moreover 

\\Cf[\e,HP-.S ~ limsup/^^||(/j4s. 

;->oo 
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